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Dislocation Dynamics  

§  Dislocation dynamics simulations attempt 
to connect aggregate dislocation behavior 
to macroscopic material response 

§  A typical simulation involves millions of 
segments evolved for several hundred 
thousand time steps to reach 1% of 
plastic strain 

§  The strength of a crystalline material depends on the motion, 
multiplication, and interaction line defects in the crystal lattice 

§  These dislocations are the carriers of plasticity and play an important 
role in strain hardening where continued deformation increases the 
material’s strength 
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Parallel Dislocation Simulator (ParaDiS) 
§  Discretize dislocation lines as line segments 

terminated by nodes 

§  Node locations evolve in time 

Motivation ARKode Methods Example Results Conclusions

The ParaDiS Model

Discretize dislocation lines as
segments terminated by nodes
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Force calculations utilize local and
FMM methods

MPI + OpenMP parallelization

Fully adaptive data structure, with
topology changes at every step
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Algorithm flow:

Nodal force calculation:

f tot
i (t, r) = f self

i (r) + f seg
i (r) + f ext

i (t, r)

Nodal velocity calculation
(material-dependent Mij):

vi(t, r) =
dri

dt
= Mij fj(t, r)

Time integration:

ri(t+�t) = ri(t) +

Z t+�t

t
vi(t, r) dt

Topology changes (insert/merge nodes):
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2. Mathematical Model

The interaction and evolution of dislocations constitute the dislocation dynamics method

developed in ParaDiS. Dislocation lines are discretized as segments bounded by nodes.

Several millions of segments can be present during a typical DD simulation and several

hundred thousand timesteps are usually made to reach one percent of plastic strain, as

a result DD simulations are computationally expensive and challenging.

Consider a dislocation segment [x
i

, x
j

], composed of two nodes x

i

and x

j

. The

total elastic force F

i

(t) at the node x

i

is composed of (a) the force the segment exerts

on itself, (b) the force associated with the dislocation’s core structure, (c) the applied

force the simulation domain is subjected to, and (d) the interaction force all the other

segments in the simulation exert on the the dislocation segment [x
i

, x
j

]. This last force,

the interaction force, is the most expensive calculation of a dislocation dynamics method

as it scales as O(N 2), where N is the number of dislocation segments that are local to

the segment [x
i

, x
j

]. We note that a key component of ParaDiS allowing for scalable

dislocation dynamics simulations is its use of a Fast Multipole Method [16] for e�cient

approximation of F
i

(t); however these force calculations are still the dominant cost in

ParaDiS simulations.

Once the total force is determined, the velocity is calculated through the definition

of a mobility law M , a constitutive property that characterizes the material being

simulated. The velocity of node i is given as v
i

(t) by

v

i

(t) = M(F
i

(t)). (1)

The mobility law M can be linear or non-linear depending on the the information known

about the material. Examples of linear mobility laws are given in [17] and a non-linear

mobility law in [18] for tantalum materials.

In DD simulations, the computational unknowns x
i

correspond to positions of the

nodes which change as a function of time using the standard equation of motion,

dx

i

(t)

dt

= v

i

(t). (2)

Two common practices used by DD simulators lead to potentially discontinuous

behavior and can have direct impact on the choice of time integration method. The

first arises from the piecewise linear discretization scheme for the dislocation segments

described above. Here, the dislocation network is approximated by a set of lines whose

positions are continuous, but whose tangents are discontinuous and whose curvature is

undefined. Due to the inherent interaction between space and time in the equations

of motion for each node, it is likely that this low degree of smoothness in the spatial

approximation results in a correspondingly low degree of smoothness in the temporal

dynamics of the dislocation network.

Second, a key component of the dislocation simulator, ParaDiS, is its ability

to dynamically adapt the dislocation topology between time steps, allowing for the

creation/deletion of new dislocation nodes and segments as the simulation proceeds. In

§  Velocities are determined from nodal forces 
and a material specific mobility law 
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§  Nodal forces are computed using local and 
Fast Multipole Methods 

FILTERS FOR IMPROVEMENT OF MULTISCALE DATA FROM
ATOMISTIC SIMULATIONS!

DAVID J. GARDNER† AND DANIEL R. REYNOLDS‡

Abstract. Multiscale modeling strives to combine continuum approximations with first-principles
based atomistic models to produce accurate and e!cient numerical simulations of systems that in-
volve interactions across multiple spatial and temporal scales that typically di"er by several orders
of magnitude. In the Heterogeneous Multiscale Method (HMM) approach to developing multiscale
computational models, unknown continuum scale data is computed from an atomistic model. In this
hybrid continuum-atomistic approach, performing numerous atomistic simulations can dominate the
computational cost of the method. When the resulting continuum data is noisy due to sampling
error, stochasticity in the model, or randomness in the initial conditions, filtering can result in sig-
nificant accuracy gains in the atomistic data without increasing the size or duration of the atomistic
simulations.

In this work, we demonstrate the e"ectiveness of spectral filtering for increasing the accuracy of
noisy atomistic results. Moreover, we present a robust and automatic method for closely approxi-
mating the optimum level of filtering. The improved accuracy of this filtered simulation data leads
to a dramatic computational savings by allowing for shorter and smaller simulations to achieve the
same desired multiscale simulation precision.

Key words. Heterogeneous Multiscale Method, Filtering, Hybrid Continuum-Atomistic Simu-
lations

AMS subject classifications. 35Q70, 35Q84, 82C80, 65M75

1. Introduction.

Fi(t) = f self
i + f core

i + f external
i + f interaction

i

Most problems in science and engineering involve interactions between multiple
spatial and temporal scales that may di!er by several orders of magnitude. De-
spite this multiscale behavior, many systems of interest are successfully simulated by
modeling at a single scale of interest. Continuum level models treat systems at a
macroscopic scale with the e!ects of multiscale behavior incorporated through equa-
tions of state and constitutive relations to represent the e!ects of smaller scales. With
such simplifications specific details of the microscale are lost, however, this allows for
e!ective and e"cient numerical simulation of large physical systems. When details
at microscales are of interest, the system is modeled at an atomistic scale to capture
more detailed information about the problem, but due to their increased computa-
tional costs, numerical experiments are limited to small scale systems.

Both of these approaches are highly e!ective in their respective regimes, however,
dealing with large complex systems with strongly coupled interactions across di!erent
scales, or where the constitutive relations are inaccurate or unobtainable, requires a

!This material is based upon work supported by the U.S. Department of Energy, O!ce of Science,
O!ce of Advanced Scientific Computing Research, Scientific Discovery through Advanced Computing
(SciDAC) program under subcontract B598130 from Lawrence Livermore National Laboratory. The
numerical results of this work are made possible by the computational resources of the Southern
Methodist University Center for Scientific Computation and the National Energy Research Scientific
Computing Center (NERSC) at Lawrence Berkeley National Laboratory (LBNL).

†Center for Applied Scientific Computing, Lawrence Livermore National Laboratory, Livermore,
CA, 94551, USA (gardner48@llnl.gov).

‡Department of Mathematics, Southern Methodist University, Dallas, TX, 75275, USA
(reynolds@smu.edu).
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Dislocation multi-junctions and strain hardening
Vasily V. Bulatov1, Luke L. Hsiung1, Meijie Tang1, Athanasios Arsenlis1, Maria C. Bartelt1, Wei Cai1,2,
Jeff N. Florando1, Masato Hiratani1, Moon Rhee1, Gregg Hommes1, Tim G. Pierce1 & Tomas Diaz de la Rubia1

At the microscopic scale, the strength of a crystal derives from the
motion, multiplication and interaction of distinctive line defects
called dislocations. First proposed theoretically in 1934 (refs 1–3)
to explain low magnitudes of crystal strength observed experi-
mentally, the existence of dislocations was confirmed two decades
later4,5. Much of the research in dislocation physics has since
focused on dislocation interactions and their role in strain hard-
ening, a common phenomenon in which continued deformation
increases a crystal’s strength. The existing theory relates strain
hardening to pair-wise dislocation reactions in which two inter-
secting dislocations form junctions that tie the dislocations
together6,7. Here we report that interactions among three dislo-
cations result in the formation of unusual elements of dislocation
network topology, termed ‘multi-junctions’. We first predict
the existence of multi-junctions using dislocation dynamics and
atomistic simulations and then confirm their existence by
transmission electron microscopy experiments in single-crystal
molybdenum. In large-scale dislocation dynamics simulations,
multi-junctions present very strong, nearly indestructible,
obstacles to dislocation motion and furnish new sources for
dislocation multiplication, thereby playing an essential role in
the evolution of dislocation microstructure and strength of
deforming crystals8. Simulation analyses conclude that multi-
junctions are responsible for the strong orientation dependence
of strain hardening in body-centred cubic crystals.
The amount of slip produced by a propagating dislocation is

quantified by its Burgers vector b, which is equal to one of the
(typically smallest) repeat vectors of the crystal lattice. Exactly what
happens when two dislocations collide depends on the lengths of two
lines, their collision geometry and applied stress. Most significantly,
the collision outcomes are affected by the Burgers vectors of two
colliding dislocations. Given that a dislocation’s energy is pro-
portional to the square of its Burgers vector, the approximate
Frank energy criterion9 predicts that when (b1 ! b2)

2 , b1
2 ! b2

2 or,
equivalently, b1b2 , 0, the two lines will attract and merge into a
product dislocation—a ‘junction’—with Burgers vector bj " b1 ! b2,
thereby reducing the internal energy of the system. In particular,
when b2 " 2b1, the two dislocations can annihilate completely,
leaving no product.
Figure 1a and b shows a junction-forming collision of two

dislocation lines in a dislocation dynamics (DD) simulation (see
the Methods section and Supplementary Discussion 1 for more
details). The initial configuration consists of two straight dislocation
lines of equal length made to intersect at their midpoints, while their
endpoints are rigidly fixed (Fig. 1a). Expressed in the units of the
lattice constant, the Burgers vectors of two lines are b1 " 1/2[111]
and b2 " 1/2[111], typical of the body-centred cubic (b.c.c.) crystals.
In the DD simulation, the elastic interaction between two lines causes
them to merge into a junction dislocation with Burgers vector
bj " b1 ! b2 " [001] (Fig. 1b, see also Supplementary Video 1).

Owing to their fixed ends, the lines merge only partially (when
b2 " 2b1 the lines will partially annihilate). Bounded at its ends by
two triple nodes, the resulting junction zips along the [111] direction
because each of the two parent dislocations is allowed to move only
on its glide plane (the plane containing both the Burgers vector and
the dislocation line itself) with normal vectors n1 " (011) and
n2 " (101), respectively. Because most of the interacting dislocations
move on non-parallel glide planes, attractive collisions zip junctions
of limited length along the intersection lines of the glide planes.
The frequency and strength of such pair-wise dislocation reactions
tying dislocations together are believed to control the physics of
strain hardening: a common phenomenon in which continued
deformation increases a crystal’s strength.
The existence and the important role of dislocations junctions in

strain hardening has been confirmed by numerous theoretical6,7 and
experimental10,11 studies and, more recently, by DD simulations12,13.
Very recently, analysing previously published14 and our own new
simulations, we observed the formation of complex topological
connections in which more than two dislocation lines merge
together. Curious about possible causes for such anomalous for-
mations, we proceeded to investigate whether attractive reactions
among three or more dislocations are possible. For b.c.c. crystals, one
such candidate reaction is:

b1

1=2#111$ !
b2

1=2#111$!
b3

1=2#111$ "
b4

1=2#111$ %1&

Given that the elastic energy stored in a dislocation’s strain field
is proportional to kbk2, the Frank estimate of the energy reduction

LETTERS

Figure 1 | Formation (zipping) and yielding of dislocation junctions in the
DD simulations. a, Two dislocation lines are initially brought to
intersection at their midpoints. b, Once the interaction between two lines is
turned on, two lines zip a binary junction, J. c, A snapshot showing a binary
junction unzipping under stress. d, A third line is brought to intersect the
binary junction. e, The interaction among three lines makes them zip a
long multi-junction, 4. f, A snapshot showing a multi-junction acting as a
Frank–Read source of dislocation multiplication.

1Lawrence Livermore National Laboratory, University of California, Livermore, California 94550, USA. 2Department of Mechanical Engineering, Stanford University, Stanford,
California 94305, USA.

Vol 440|27 April 2006|doi:10.1038/nature04658

1174

Two dislocation lines 
intersect and zip to 

form a binary junction §  Discretization adaptation and topology 
changes occur between each time step 
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Computational Challenges 
§  Dislocation dynamics simulations are computationally challenging 

•  Expensive force calculations 

•  Discontinuous topological events 

•  Rapidly changing problem size  

§  Standard time integration methods for dislocation dynamics are 
explicit Euler and the trapezoid algorithm 

§  ParaDiS uses the trapezoid method paired with a fixed point iteration 

§  Previously, other integration methods were not systematically studied 
for dislocation dynamics 

§  To enable larger time steps and faster simulations we focus on 
•  Enhancing the native trapezoid method with more robust nonlinear solvers  

•  Utilizing higher-order multistage implicit integration methods 
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Outline 
§  Dislocation Dynamics 

§  Time Integrators 
•  Trapezoid Integrator 

•  DIRK Integrators 

§  Nonlinear Solvers 

§  Numerical Results 

§  Conclusions 
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Trapezoid Integrator 
§  Consider the initial value problem  

§  The trapezoid method is the default integrator in ParaDiS,  

Implicit integration methods for dislocation dynamics 6

3. Time Integrators

We consider two methods for the implicit time integration used for evolving the DD

system (2). To define these, first consider the initial value problem (IVP) in general

form

y

0(t) = f(t, y(t)), y(t0) = y0, (3)

where t is the independent variable (time), y(t) = [x0, x1, . . .] contains all of the

dependent state variables at time t, t0 is the initial time, y0 is the vector of initial

conditions, and f(t, y) = [v0, v1, . . .] contains the right-hand sides for each dependent

variable. In performing time integration with both methods, we denote y

n

as our

approximation to the solution y(t
n

), where we consider time steps t0 < t1 < . . ., with

step sizes h
n

= t

n+1 � t

n

.

3.1. Trapezoid Integrator

The most common integrator used for implicit dislocation dynamics is the trapezoid

integration method, where the solution at each new time solves the equation

y

n+1 = y

n

+
h

n

2
(f(t

n

, y

n

) + f(t
n+1, yn+1)) . (4)

Assuming su�cient continuity of f as a function of both y and t, this method is second

order, meaning that for each time step the local error satisfies

ky(t
n+1)� y

n+1k  Ch

3
max

, (5)

under the assumption that y
n

= y(t
n

), where h
max

is the maximum time step used over

all steps to get from t0 to t

n

, and C is a constant independent of the time step sizes

[9]. Globally, this method is O(h2), due to accumulation of local errors from one step

to the next. Thus, the accuracy of the approximate solution improves quadratically as

the maximum time step size decreases.

The trapezoid method, also known as the Adams-Moulton 1-step implicit method, is

the simplest second order 1-step method for implicit integration. Higher order implicit

multistep methods, such as other Adams-Moulton or BDF methods, require use of

multiple saved prior time step solutions. Given the adaptive nature of DD computations,

these older solutions would need to be projected onto the current solution space at every

update, and the resulting expense of these updates could become large. A 1-step method

is advantageous within a DD setting since it does not require saving multiple old values.

Implementation of the method requires the solution of a nonlinear system of

algebraic equations for the new time solution, y
n+1, within each time step. This system

is defined as solving the nonlinear residual equation for y,

g(y) = y � y

n

� h

n

2
(f(t

n

, y

n

) + f(t
n+1, y)) = 0, (6)

or more specifically through finding y such that

kg(y)k1  ✏

n

, (7)
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n+1, within each time step. This system

is defined as solving the nonlinear residual equation for y,

g(y) = y � y

n

� h

n

2
(f(t

n

, y

n

) + f(t
n+1, y)) = 0, (6)

or more specifically through finding y such that

kg(y)k1  ✏

n

, (7)

§  The new solution is computed by solving a nonlinear residual equation 
such that  

§  In ParaDiS, time step sizes are adapted based on the success or 
failure of solving the residual equation 
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3. Time Integrators
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y
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where t is the independent variable (time), y(t) = [x0, x1, . . .] contains all of the

dependent state variables at time t, t0 is the initial time, y0 is the vector of initial

conditions, and f(t, y) = [v0, v1, . . .] contains the right-hand sides for each dependent

variable. In performing time integration with both methods, we denote y

n

as our

approximation to the solution y(t
n

), where we consider time steps t0 < t1 < . . ., with

step sizes h
n

= t

n+1 � t

n

.

3.1. Trapezoid Integrator

The most common integrator used for implicit dislocation dynamics is the trapezoid

integration method, where the solution at each new time solves the equation

y

n+1 = y

n

+
h

n

2
(f(t

n

, y

n

) + f(t
n+1, yn+1)) . (4)

Assuming su�cient continuity of f as a function of both y and t, this method is second

order, meaning that for each time step the local error satisfies

ky(t
n+1)� y

n+1k  Ch

3
max

, (5)

under the assumption that y
n

= y(t
n

), where h
max

is the maximum time step used over

all steps to get from t0 to t

n

, and C is a constant independent of the time step sizes
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to the next. Thus, the accuracy of the approximate solution improves quadratically as

the maximum time step size decreases.

The trapezoid method, also known as the Adams-Moulton 1-step implicit method, is
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, y
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) + f(t
n+1, y)) = 0, (6)

or more specifically through finding y such that

kg(y)k1  ✏

n

, (7)

§  This is the simplest second-order one-step implicit method and only 
requires the most recent solution value  
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§  High-order embedded diagonally implicit Runge-Kutta (DIRK) time 
integration methods are defined by 
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where ✏

n

is the nonlinear solver tolerance, and

kg(y)k1 ⌘ max
1iN

|g
i

(y)|
is the maximum norm.

Methods for such solves are discussed in Section 4. These solves can be accelerated

through computation of an explicit predictor. At the first time step and for newly

created nodes, ParaDiS uses the simple forward Euler predictor,

y

n+1 = y

n

+ h

n

f(t
n

, y

n

). (8)

While this predictor has second order local error, it is also a 1-step method and thus

does not require old solutions. For nodes where the value of f at the previous step is

known, ParaDiS uses an explicit linear multistep predictor,

y

n+1 = y

n

+
h

n

2
(f(t

n

, y

n

) + f(t
n�1, yn�1)) . (9)

This predictor also has second order local error and requires saving the result of an old

function evaluation. The value of y
n+1 computed from these predictors is then used as

the initial guess in the iterative nonlinear solver for the implicit solution.

Lastly, we note that ParaDiS updates the time step size based on the success or

failure of the nonlinear solver, through either increasing the step size on a successful

nonlinear solve, or decreasing the step size and retrying the step on a failed solve.

3.2. DIRK Integrator

We compare the above trapezoid integrator with higher-order embedded diagonally-

implicit Runge-Kutta (DIRK) time integration methods, of the form

z

i

= y

n

+ h

n

iX

j=1

A

i,j

f(t
n

+ c

j

h

n

, z

j

), i = 1, . . . , s,

y

n+1 = y

n

+ h

n

sX

j=1

b

j

f(t
n

+ c

j

h

n

, z

j

), (10)

ỹ

n+1 = y

n

+ h

n

sX

j=1

b̃

j

f(t
n

+ c

j

h

n

, z

j

).

Here, the z

i

denote the s internal stages of the Runge-Kutta method, each of which

explicitly depend on preceding stages and implicitly depend on only themselves. The

new time solution is given in y

n+1, and an embedded solution is given in ỹ

n+1. Each

method is uniquely defined through the coe�cients A

i,j

, c
i

, b
j

and b̃

j

, i, j = 1, . . . , s,

where DIRK methods are characterized through the condition that A
i,j

= 0 for j > i.

We note that unlike many standard Runge-Kutta methods, embedded RK methods

naturally allow for time step adaptivity based on a reliable estimate of the solution

error, since both y

n+1 and ỹ

n+1 give di↵erent approximations for y(t
n+1). Moreover,

embeddings result in significantly less expensive error estimates than those resulting

from either Richardson extrapolation or deferred-correction techniques.

§  Computing the next time step value requires solving s implicit systems 
for the internal stages 

§  Consider the initial value problem  
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In order to implement the method (10), in each time step we sequentially solve s

implicit systems for the stage solutions z

i

. To this end, at each stage we define the

nonlinear residual equation

g(z) = z�h

n

A

i,i

f(t
n

+c

i

h

n

, z)�y

n

�h

n

i�1X

j=1

A

i,j

f(t
n

+c

j

h

n

, z

j

) = 0, (11)

and we compute z

i

as the solution to this nonlinear algebraic system of equations

g(z) = 0. Our algorithms for solving these systems are shared with the trapezoid

method from Section 3.1, and will be discussed in detail in Section 4.

We accelerate convergence of the nonlinear solvers through supplying an explicit

predictor of the stage solution, z(0)
i

. In the computed results (Section 6), we investigate

three approaches for constructing the initial guess for each stage over the time step

t

n

! t

n+1:

(a) use the solution from the beginning of the step, z(0)
i

= y

n

,

(b) use the previous step solution for the first stage, z(0)1 = y

n

, followed by use of the

previous stage solution for subsequent steps, z(0)
i

= z

i�1,

(c) use the previous step solution for the first stage, z

(0)
1 = y

n

, and the quadratic

Hermite interpolant through {y
n

, f(t
n

, y

n

), f(t
n

+c

k

h

n

, z

k

)} for the remaining stages,

z

(0)
i

= y

n

+ f(t
n

, y

n

)

 

⌧ � ⌧

2

2h
n

c

k

!

+ f(t
n

+ c

k

h

n

, z

k

)
⌧

2

2h
n

c

k

where ⌧ = h

n

c

i

[19]; we choose c
k

so that c
k

6= 0 and c

k

> c

j

for all j = 1, . . . , i� 1.

In addition to allowing increased accuracy and stability over linear multistep

methods (e.g. trapezoid), embedded DIRK methods allow e�cient estimates of temporal

error, thereby allowing for robust step size adaptivity methods. To this end, we compute

the temporal error estimate

e

n

= ky
n

� ỹ

n

k
WRMS

=

0

@ 1

N

NX

k=1

 
y

n,k

� ỹ

n,k

r

tol

|y
n�1,k|+ a

tol

!2
1

A
1/2

, (12)

where by y
n,k

we denote the k-th entry of the discrete vector y
n

, and whereN corresponds

to the total number of entries in y

n

(the total number of dislocation degrees of freedom).

We note that since this norm incorporates the relative and absolute tolerances, r
tol

and

a

tol

, a norm value less than one indicates a “small” value with respect to the desired

integration accuracy.

We use this local truncation error estimate in two ways. First, we determine whether

the error in a given step is acceptable or if the step must be repeated, by requiring that

each step satisfy e

n

 1. Second, we predict the maximum h that will meet the error

tolerances, which we use both when taking a new step and when repeating a step having

too much error. We keep track of the three most-recent error estimates, e
n

, e

n�1, en�2,

and predict the maximum prospective step size as one of

h

0 = h

n

e

�0.58/p
n

e

0.21/p
n�1 e

�0.1/p
n�2 , (13)

h

0 = h

n

e

�0.8/p
n

e

0.31/p
n�1 , (14)

h

0 = h

n

e

�1/p
n

, (15)
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where by y
n,k

we denote the k-th entry of the discrete vector y
n

, and whereN corresponds

to the total number of entries in y
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(the total number of dislocation degrees of freedom).

We note that since this norm incorporates the relative and absolute tolerances, r
tol

and

a

tol

, a norm value less than one indicates a “small” value with respect to the desired

integration accuracy.

We use this local truncation error estimate in two ways. First, we determine whether

the error in a given step is acceptable or if the step must be repeated, by requiring that

each step satisfy e

n

 1. Second, we predict the maximum h that will meet the error

tolerances, which we use both when taking a new step and when repeating a step having

too much error. We keep track of the three most-recent error estimates, e
n

, e

n�1, en�2,

and predict the maximum prospective step size as one of

h

0 = h

n

e

�0.58/p
n

e

0.21/p
n�1 e

�0.1/p
n�2 , (13)

h

0 = h

n

e

�0.8/p
n

e

0.31/p
n�1 , (14)

h

0 = h

n

e

�1/p
n

, (15)

§  Steps with              are accepted, otherwise the step is repeated 

§  Up to the last three error estimates are used to predict the step size 
for a new or repeated step (PID, PI, I time-adaptivity controllers) 

§  The nonlinear equations for the internal stages are solved such that  
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corresponding to the PID, PI, and I time-adaptivity controllers, respectively [20, 21, 22,

23], and where p is the order of accuracy for our embedded method. Upon selection of

our candidate step size h

0, we then set the new step size h

n+1 as

h

n+1 = min{ch0
, ⌘

max

h

n

}. (16)

Clearly, this temporal adaptivity approach results in a number of parameters that may

be tuned to optimize solver performance. In this paper, we use the default parameters

within the ARKode solver library (see Section 5). These values have been chosen to

perform well on a wide range of test problems, matching the parameters chosen in the

widely-used adaptive time integration solver, CVODE [24]. Specifically, we use the

safety factor c = 0.96, that provides a somewhat more conservative step size (96%

the size) than the value predicted by the estimates (13)-(15). In addition, the solver

adjusts this maximum growth factor ⌘
max

based on the success or failure of the preceding

step. We allow the step size to grow by at most a factor ⌘

max

= 20 at normal steps,

although in practice the adaptive error controller limits the step size on nearly all steps.

For the first step, which is typically chosen to be small to help get things started, we

allow a more aggressive maximum growth factor of ⌘
max

= 104. However, when the

attempted step size was too large, we reduce this growth factor to force smaller steps

during di�cult phases of evolution: after a step with too much error we set ⌘
max

= 0.3,

and after a solver has failed to converge we set ⌘
max

= 0.5. We note that only this last

value of ⌘
max

= 0.5 deviates from the ARKode default; here it was chosen to match

the corresponding default value in ParaDiS, to result in more fair comparisons between

solvers.

As is common with IVP solvers [24, 25], to begin the adaptive approach, we

conservatively choose the first step so that an explicit Euler method would achieve the

desired accuracy level. To this end, we choose h0 =
⇣

2
ky00kWRMS

⌘1/2
, where we estimate

y

00 using a finite di↵erence approximation of the right-hand side,

y

00 ⇡ 1

�

[f (t0 + �, y0 + �f(t0, y0))� f(t0, y0)] .

As will be further described in the next section, an additional source of flexibility in

these implicit solvers is that due to their iterative nature, the nonlinear systems g(z) = 0

need only be solved approximately. To this end, we define the factor ✏
n

as the nonlinear

solver convergence tolerance,

kg(z)k
WRMS

 ✏

n

. (17)

Because the error tolerances are embedded in the weights applied in the norm for the

error test, if each step satisfies the constraint that e

n

 1, then the local error of the

solutions should be within allowable error. Thus, the actual value used for ✏
n

may be

modified (while staying below 1) without a↵ecting the accuracy of the overall solve. As

such, ✏
n

may be tuned to increase the computational e�ciency of the method, as will

be further discussed in Section 6.

In regards to implementation, our DIRK method requires slightly more storage

than the trapezoid method. In general, our basic integrator and predictor algorithms
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need only be solved approximately. To this end, we define the factor ✏
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as the nonlinear

solver convergence tolerance,
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. (17)

Because the error tolerances are embedded in the weights applied in the norm for the

error test, if each step satisfies the constraint that e

n

 1, then the local error of the

solutions should be within allowable error. Thus, the actual value used for ✏
n

may be

modified (while staying below 1) without a↵ecting the accuracy of the overall solve. As

such, ✏
n

may be tuned to increase the computational e�ciency of the method, as will

be further discussed in Section 6.

In regards to implementation, our DIRK method requires slightly more storage

than the trapezoid method. In general, our basic integrator and predictor algorithms

§  Note that here      ≤ 1, with the trapezoid integrator      is the absolute 
error of nodal positions  
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Anderson Acceleration 
§  The simplest approach for solving the nonlinear systems arising from 

the implicit integration methods is a fixed point iteration 

Implicit integration methods for dislocation dynamics 11

4. Nonlinear Solvers

The implicit integrators discussed above all require one or more solves of a nonlinear,

algebraic system at each time step. These systems are given as either (6) for the

trapezoid integrator or as (11) for the DIRK integrators.

4.1. Fixed Point Iteration

The simplest method to solve these systems is a fixed point iteration. The iteration

proceeds from an initial iterate, y(0), and updates with

y

(k+1) = �(y(k)). (18)

For both the trapezoid and DIRK integrators in the previous section, we may construct

the fixed point iteration function as

�(y) ⌘ y � g(y), (19)

such that a y satisfying g(y) = 0 also satisfies y = �(y), and is hence a fixed point

of �. As will be discussed later on, if h
n

is su�ciently small this iteration is linearly

convergent, meaning that the error of the k+ 1 iterate is a constant (less than 1) times

the error of the previous iterate. As a result, convergence can be slow when that constant

is close to 1.

In the 1960s, an acceleration method for fixed point iterations was developed in the

electronic structures community [12] and only recently has been used in other application

areas, where it has resulted in significant speedups of the original fixed point method

[13, 14, 15, 29]. The Anderson accelerated fixed point method is formulated as

Algorithm AA: Anderson Acceleration

Given y

(0)
and m � 1.

Set y

(1) = �(y(0)).

For k = 1, 2, . . . , until ky(k+1) � y

(k)k < ✏

n

Set m

k

= min {m, k}.
Set F

k

= [f
k�mk

, . . . , f

k

], where f

i

= �(y(i))� y

(i)
.

Determine ↵

(k) =
h
↵

(k)
0 , . . . ,↵

(k)
mk

i
T

that solves

min
↵

kF
k

↵k2 such that

P
mk
i=0 ↵i

= 1.

Set y

(k+1) =
P

mk
i=0 ↵

(k)
i

�(y(k�mk+i)).

Basically, this algorithm uses a linear combination of up to m prior fixed point

function values rather than just the last one to update the solution. The specific

combination used is the one that would minimize the fixed point residual if � were

linear. This algorithm requires a least squares solution of size N ⇥m

k

at each iteration

in order to solve the minimization problem. Thus, the expense of the algorithm increases

as the number of iterations grows, with an added O(Nm

k

) extra operations per iteration

over the standard fixed point method. We further note that in this algorithm, the norm

§  For a sufficiently small     , the iteration is linearly convergent 

§  Significant speedups can be obtained with Anderson Acceleration 
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corresponding to the PID, PI, and I time-adaptivity controllers, respectively [20, 21, 22,

23], and where p is the order of accuracy for our embedded method. Upon selection of

our candidate step size h

0, we then set the new step size h

n+1 as

h

n+1 = min{ch0
, ⌘

max

h

n

}. (16)

Clearly, this temporal adaptivity approach results in a number of parameters that may

be tuned to optimize solver performance. In this paper, we use the default parameters

within the ARKode solver library (see Section 5). These values have been chosen to

perform well on a wide range of test problems, matching the parameters chosen in the

widely-used adaptive time integration solver, CVODE [24]. Specifically, we use the

safety factor c = 0.96, that provides a somewhat more conservative step size (96%

the size) than the value predicted by the estimates (13)-(15). In addition, the solver

adjusts this maximum growth factor ⌘
max

based on the success or failure of the preceding

step. We allow the step size to grow by at most a factor ⌘

max

= 20 at normal steps,

although in practice the adaptive error controller limits the step size on nearly all steps.

For the first step, which is typically chosen to be small to help get things started, we

allow a more aggressive maximum growth factor of ⌘
max

= 104. However, when the

attempted step size was too large, we reduce this growth factor to force smaller steps

during di�cult phases of evolution: after a step with too much error we set ⌘
max

= 0.3,

and after a solver has failed to converge we set ⌘
max

= 0.5. We note that only this last

value of ⌘
max

= 0.5 deviates from the ARKode default; here it was chosen to match

the corresponding default value in ParaDiS, to result in more fair comparisons between

solvers.

As is common with IVP solvers [24, 25], to begin the adaptive approach, we

conservatively choose the first step so that an explicit Euler method would achieve the

desired accuracy level. To this end, we choose h0 =
⇣

2
ky00kWRMS

⌘1/2
, where we estimate

y

00 using a finite di↵erence approximation of the right-hand side,

y

00 ⇡ 1

�

[f (t0 + �, y0 + �f(t0, y0))� f(t0, y0)] .

As will be further described in the next section, an additional source of flexibility in

these implicit solvers is that due to their iterative nature, the nonlinear systems g(z) = 0

need only be solved approximately. To this end, we define the factor ✏
n

as the nonlinear

solver convergence tolerance,

kg(z)k
WRMS

 ✏

n

. (17)

Because the error tolerances are embedded in the weights applied in the norm for the

error test, if each step satisfies the constraint that e

n

 1, then the local error of the

solutions should be within allowable error. Thus, the actual value used for ✏
n

may be

modified (while staying below 1) without a↵ecting the accuracy of the overall solve. As

such, ✏
n

may be tuned to increase the computational e�ciency of the method, as will

be further discussed in Section 6.

In regards to implementation, our DIRK method requires slightly more storage

than the trapezoid method. In general, our basic integrator and predictor algorithms

where 
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Newton’s Method 
§  For solving                  , the kth Newton iteration update is the root of 

the linear model  
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used to measure convergence is particular to the time integration approach, as previously

discussed in Section 3.

The convergence rate of the Anderson accelerated fixed point method has not yet

been fully established. However, recent work has shown that for linear � and under

certain conditions, the method is equivalent to the GMRES iterative method for non-

symmetric linear systems [29]. In addition, for nonlinear systems the method has been

shown to be equivalent under certain other conditions to a variant of the quasi-Newton

method [30]. Lastly, recent work has shown that the accelerated fixed point method will

converge if the fixed point method does [31].

If �(y) from (18) satisfies the Lipschitz continuity condition,

k�(y)� �(y⇤)k  Mky � y

⇤k (20)

for all y, y⇤, and the Lipschitz constant M is independent of y and y

⇤ and satisfies

0  M < 1, then the iteration given by (18) converges to a unique solution of the fixed

point problem. Note that � is not Lipschitz continuous unless f is. If L is the Lipschitz

constant of f , then M = hn
2 L for the trapezoid method and M = h

n

A

ii

L for the DIRK

methods, so the time step sizes must meet the condition

h

n

<

2

L

[trapezoid], or h

n

<

1

A

ii

L

[DIRK] (21)

in order to ensure convergence of the fixed point method [9]. In general, L � 1 for sti↵

systems, so when the system is sti↵, time steps may have to be quite small to ensure

convergence, and Newton’s method is often used as an alternate.

4.2. Newton’s Method

Newton’s method finds the solution, y, such that g(y) = 0. At the k-th iteration,

Newton’s method forms an update to its current iterate by finding a root of the linear

model

g(y(k+1)) ⇡ g(y(k)) + J

g

(y(k))(y(k+1) � y

(k)), (22)

where J

g

(y(k)) is the Jacobian of g evaluated at y

(k). For large-scale problems, such

as arise in DD models, this linear system is solved inexactly with an iterative method.

Hence, the method is an inexact Newton method [32], and (22) is solved approximately

to a specified tolerance. The following is a brief outline of the resulting inexact Newton

method.

Algorithm INI: Inexact Newton Iteration

Given y

(0)
.

For k = 0, 1, . . . , until kg(y(k))k < ✏

n

For tol

L

2 [0, 1), approximately solve J

g

(y(k))�y

(k) = �g(y(k))

so that kJ
g

(y(k))�y

(k) + g(y(k))k  tol

L

kg(y(k))k.
Set y

(k+1) = y

(k) +�y

(k)
.
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§  The linear system is solved inexactly with GMRES 

§  Jacobian-vector products are approximated using a finite difference  
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As with the Anderson acceleration algorithm, the integrators use di↵erent norms to

determine nonlinear and linear solver convergence in this algorithm, with the trapezoid

integrator using the maximum norm and the DIRK integrator using the WRMS norm.

Furthermore, the DIRK integrator sets the linear solver tolerance tol
L

= ✏

l

✏

n

, whereas

the trapezoid integrator uses tol
L

= ✏

l

, based on the input value ✏

l

. Many strategies

have been employed in order to choose ✏
l

to minimize “oversolving” the successive linear

systems while maintaining adequately fast convergence of the overall nonlinear scheme;

for some strategies in use, see [11, 33].

Krylov methods, such as GMRES [34], are particularly attractive for solving the

linear systems in DD models since they do not require formation of the Jacobian matrix

as only the action of that matrix on a vector is needed. This matrix-vector product can

be approximated through a finite di↵erence computation

J

g

(y)v ⇡ g(y + ✏v)� g(y)

✏

. (23)

Compared with fixed point iteration, Newton’s method additionally requires

computations with the Jacobian matrix, although within a Newton-Krylov framework

this additional requirement translates only to extra nonlinear function evaluations as

part of the finite di↵erence calculation above. We caution that, for DD calculations, each

function evaluation does include computation of all forces and thus these evaluations

are costly. However, Newton’s method has a faster (quadratic) rate of convergence,

meaning that the error of the k + 1 iterate is a constant times the square of the error

in the previous iterate. Thus, once the iterates get close to the solution, convergence is

rapid.

§  For a good initial guess, the iteration is quadratically convergent  
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SUNDIALS 
§  The nonlinear solvers and DIRK integration methods employed in the 

following tests are part of the SUNDIALS suite of codes 

§  KINSOL: nonlinear solvers including Fixed Point with Anderson 
acceleration and Newton-Krylov method 

§  ARKode: Adaptive-step time integration package for stiff, nonstiff, and 
multi-rate systems of ordinary differential equations using additive 
Runge Kutta methods 

§  Written in C with interfaces to Fortran and Matlab 

§  Designed to be incorporated into existing codes and modular 
structure allows user to supply their own data structures 

https://computation.llnl.gov/casc/sundials 
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Outline 
§  Dislocation Dynamics 
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§  Nonlinear Solvers 

§  Numerical Results 
•  BCC Crystal 

•  Large Scale Strain Hardening 

•  Annealing 

§  Conclusions 
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BCC Crystal 
§  Body-centered cubic crystal, 4.25 µm3 

§  Temp = 600K, Pres. = 0 GPa 

§  Constant 103 s-1 strain along the x-axis 

§  Tolerance = 0.5 |b| 

§  Tests run on 16 cores of LLNL Cab machine: 
•  430 Teraflop Linux cluster system 

•  1,296 nodes, 16 cores and 32 GB memory per node 
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Table 3. Run time (seconds) and number of time steps for 3rd through 5th order
DIRK integrators on the Frank-Read source problem using the Newton-Krylov (NK)
solver to a final time of 50 µs. Recall ✏n is the nonlinear solver convergence tolerance
from (17) and ✏l is the linear solver tolerance factor in the inexact Newton iteration.
The native ParaDiS solver took 1120s and required 6,284 time steps for the same
problem. The DIRK solvers with ✏n = 1.0 and 4 iterations took as little as 1/44 as
many steps. Several methods achieved a speedup of 95% over the native ParaDiS
solver.

✏n = 0.1 ✏n = 0.5 ✏n = 1.0

Method Run time Steps Run time Steps Run time Steps

DIRK3 NK I2 ✏l0.1 174 576 620 1636 178 535
DIRK3 NK I3 ✏l0.1 1396 2995 664 1676 64 208
DIRK3 NK I4 ✏l0.1 84 235 68 216 62 202

DIRK3 NK I2 ✏l0.5 670 1832 104 368 432 1289
DIRK3 NK I3 ✏l0.5 77 240 613 1788 608 1739
DIRK3 NK I4 ✏l0.5 78 242 60 188 89 270

DIRK4 NK I2 ✏l0.1 174 478 108 305 81 229
DIRK4 NK I3 ✏l0.1 96 237 80 195 72 176
DIRK4 NK I4 ✏l0.1 84 203 71 117 67 175

DIRK4 NK I2 ✏l0.5 144 421 106 308 436 1060
DIRK4 NK I3 ✏l0.5 87 231 71 187 127 227
DIRK4 NK I4 ✏l0.5 86 213 87 202 53 140

DIRK5 NK I2 ✏l0.1 202 540 136 351 113 294
DIRK5 NK I3 ✏l0.1 286 620 114 253 70 170
DIRK5 NK I4 ✏l0.1 99 215 90 213 74 161

DIRK5 NK I2 ✏l0.5 222 571 139 369 86 250
DIRK5 NK I3 ✏l0.5 1001 1868 384 575 77 185
DIRK5 NK I4 ✏l0.5 88 212 366 665 70 169

(a) Initial system state (b) System state after 3.3 µs

Figure 3. (a) The initial condition for the cold start simulations containing ⇠450
nodes forming straight line dislocations. (b) The final system state after 3.3 µs with
⇠2850 nodes.

Initial State, t = 3.3 µs  
~2,850 nodes  

Final State, t = 4.4 µs 
~2,920 nodes 
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Figure 5. Dislocation density for the cold start problem using the trapezoid
method with two nonlinear iterations, trapezoid using Anderson acceleration with four
iterations and three residual vectors, and the 3rd and 5th order DIRK integrators with
Anderson acceleration with four nonlinear iterations and three residual vectors with
nonlinear tolerance factor ✏n 1.0. The di↵erent methods show good agreement in the
density curves throughout the duration of the simulation.

(a) System state after 4.4 µs (b) System state after 6.25 µs

Figure 6. (a) The final dislocation network for the warm start test after 1.1 µs for
a final simulation time of 4.4 µs containing ⇠2920 nodes. (b) The final warm start
system state after 2.95 µs for a final time of 6.25 µs with ⇠4950 nodes.



Lawrence Livermore National Laboratory LLNL-PRES-676689 
16 

BCC Crystal: Trapezoid 
§  Additional fixed point 

iterations do not 
improve results  

§  Anderson acceleration 
runtimes and number of 
time steps decrease 
monotonically with 
increased iterations 

§  Newton takes the 
fewest time steps but is 
slower than accelerated 
fixed point 
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Figure 7. Run time and number of time steps for the trapezoid integrator with FP,
AA and NK solvers on the warm start problem. Results used a constant strain rate
103 s�1 to a final time of 4.4 µs. Recall ✏l is the linear solver tolerance factor in the
inexact Newton iteration. We note that nearly all AA and NK solvers are now faster
than the native solver, with the AA I7 V6 solver taking less than half the run time.
As before, the NK solvers take the fewest steps, with NK ✏l 0.1 requiring less than 1/7
the number of time steps of the native solver.

whereas last time it improved before getting worse. Second, in nearly every case the

AA and NK solvers resulted in a run time speedup over the native FP I2 solver, with

the AA I7 V6 solver achieving a speedup of 52%. These results indicate that the warm

start problem indeed focused on a more challenging application than the cold start

problem – as dislocations grow and interact, advanced solvers are needed to handle the

increasingly challenging nonlinear equations. Moreover, we see that although the NK

solvers are still currently slower than the AA solvers, their dramatic reduction in time

steps implies that further enhancements to how the Newton systems are created and

solved may reap significant rewards, as we will elaborate on at the end of this section.

Similarly, in Figures 8 and 9 we present the same bar charts for the DIRK solvers.

Specifically, in Figure 8 we show results using the AA solver for the third and fifth

order DIRK methods, using nonlinear tolerance factors ✏
n

of 0.5 and 1.0, allowing from

four through seven nonlinear iterations. We may immediately draw some interesting

conclusions. First, all of the presented results achieved a speedup over the native FP

I2 solver, with speedups ranging from 8% (DIRK 5, ✏
n

0.5, I5 V4 and I7 V6) up to

56% (DIRK 3, ✏
n

1.0, I4 V3). Moreover, the third order method is uniformly faster

Trapezoid with Anderson Acceleration  
52% speedup  

over trapezoid with fixed point 
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BCC Crystal: DIRK with Anderson 
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than the fifth order method, with the fifth order method not resulting in a dramatic

reduction in time steps. We believe that this may be attributed to either a lack of

su�cient temporal di↵erentiability in dislocation dynamics simulations, or possibly

the loose overall requested solver tolerance (0.5|b|) that lies outside the asymptotic

convergence regimes of these methods. Moreover, although less significant, it appears

that the nonlinear tolerance factor ✏

n

of 1 slightly outperforms 0.5. Finally, it again

appears as though the simulation times do not depend heavily on the maximum allowed

iterations, as long as these are su�ciently large to allow solver convergence.

Figure 8. Run time and number of time steps for 3rd and 5th order DIRK integrators
with the AA solver on the warm start problem. Results used a constant strain rate
103 s�1 to a final time of 4.4 µs. Recall ✏n is the nonlinear solver convergence tolerance
from (17). The native FP I2 solver required 372 seconds and 2267 time steps. We note
that all solvers take less run time and fewer steps than the native solver, with the
DIRK3 ✏n 1.0 I4 V3 taking less than half the run time, and DIRK5 ✏n 1.0 with 6
iterations taking 1/21 the time steps of the native solver.

Figure 9 presents the same data for the NK solver using the third order DIRK

method, where we vary the number of allowed iterations (three or four), the nonlinear

tolerance convergence factor ✏
n

(0.5 or 1.0), and the linear tolerance convergence factor

✏

l

(0.1, 0.5 and 0.9). Again, a few conclusions may be immediately drawn. First, four

iterations always outperforms three in both time steps and simulation time. Second, ✏
n

of 1.0 is uniformly better in both metrics than the corresponding runs with a value of

0.5. Third, larger values of ✏
l

similarly performed better on average in both run time and

time steps. Unfortunately, however, none of these results were faster than the native FP

§  Both 3rd and 5th order 
methods are faster than 
trapezoid with the fixed 
point iteration  

§  The 3rd order method is 
uniformly faster than the 
5th order method 

§  Fastest results are with 
a looser nonlinear 
tolerance 

§  Runtime does not 
depend heavily on the 
max number of iterations 

3rd order DIKR with Anderson Acceleration  
56% speedup  

over trapezoid with fixed point 
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BCC Crystal: DIRK with Newton 
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I2 solver (372 seconds), again due to the multiple implicit stages per step and increased

cost of each Newton solve.

In summary, for the above results from the warm start problem, we find that the

fastest solver is the DIRK3 integrator using the accelerated fixed point solver, with 4

iterations and 3 saved vectors which lead to a 56% speedup taking 116 steps. The best

Trapezoid integrator achieved a 52% speedup taking 568 steps using the accelerated

fixed point solver with 7 iterations and 6 saved vectors.

Figure 9. Run time and number of time steps for 3rd order DIRK integrator with
the NK solver on the warm start problem. Results used a constant strain rate 103 s�1

to a final time of 4.4 µs. Recall ✏n is the nonlinear solver convergence tolerance from
(17) and ✏l is the linear solver tolerance factor in the inexact Newton iteration. The
native FP I2 solver required 372 seconds and 2,267 time steps, so the fastest of these
solvers (✏n 1.0, ✏l 0.9, I4) took 68% longer to run, but required only 1/15 the number
of time steps.

As this problem is indicative of a production environment, we additionally

investigated two DIRK solver options that often result in significant performance

improvements: the choice of implicit predictor and the choice of time step adaptivity

algorithm. As described in Section 3.2, we allow a variety of algorithms to predict the

solution to each upcoming implicit solve. Thus, we tried the three predictors (a)-(c)

from Section 3.2, with the third and fifth order integrators, the AA and NK solvers, and

allowing either four or five nonlinear iterations. All solvers used the optimal nonlinear

tolerance factor ✏
n

of 1.0, and the NK solver used the optimal linear tolerance factor ✏
l

of 0.9. Unfortunately, however, we saw no appreciable di↵erence in either the number

§  Newton’s method takes 
approximately 1/15 of 
the number of time 
steps but is 68% slower 
than trapezoid with 
fixed point 

§  Multiple implicit stage 
solves and additional 
function evaluations for 
finite difference 
Jacobian-vector 
products lead to slower 
runtimes 
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Potential with Newton’s Method 
§  The finite difference Jacobian-vector products require an additional 

force evaluation each linear iteration 

§  Assuming the force calculations dominate the runtime cost then we 
can estimate the runtime with an analytic Jacobian 
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robust solve than the original fixed point method. Since its rate of convergence is faster

than fixed point, we expect a potential gain from Newton’s method possibly over the

accelerated fixed point if we can remove the extra force evaluations and employ an

analytic Jacobian calculation.

Table 8 shows the numbers of time steps, iterations, Jacobian evaluations, and

nonlinear function evaluations for the best fixed point and Newton solvers on the warm

start problem used for the strain rate study. If we assume the force evaluations, thus

the function evaluations, strongly dominate the run time cost, then a coarse estimate

of the cost for a function evaluation is achieved by dividing the total run time by the

number of function evaluations. If we then subtract the number of linear iterations

from the number of function evaluations for the Newton runs and multiply the cost

per function evaluation estimate by the new number of function evaluations, we get an

estimated cost of a run with an analytical Jacobian. These numbers are in the estimated

run time column. While these numbers do not fully account for the cost of computing

the Jacobian, we note that this calculation can be added to the function evaluation

in a way that makes the cost of the Jacobian a minimal added expense over a single

function evaluation. These numbers show a very significant potential benefit in the use

of Newton’s method. Future work will include implementation of an analytic Jacobian

in ParaDiS.

Table 8. The number of successful time steps, nonlinear iterations, linear iterations,
Jacobian-vector products, function evaluations, and run times for trapezoid and DIRK
integrators using the Newton-GMRES solver. The final column is the estimated run
time using an analytic Jacobian in ParaDiS. Results are from the warm start problem
run to a final time of 6.25 µs with a constant strain rate of 103 s�1 and a simulation
tolerance of 0.5|b|. Recall ✏n is the nonlinear solver convergence tolerance from (17)
and ✏l is the linear solver tolerance factor in the inexact Newton iteration.

Method Steps Nonlin Linear Jv Fcn Run Est. Run
Iter Iter Eval Eval Time (s) Time (s)

TRAP FP I2 10,434 15,627 — — 15,627 2,615 —

TRAP AA I7 V6 2,866 10,466 — — 10,466 1,627 —

TRAP NK I3 ✏l0.5 1,544 3,386 5,875 7,643 12,804 2,135 1,157
TRAP NK I4 ✏l0.5 1,396 3,279 5,763 7,627 12,440 2,089 1,121

DIRK3 NK I4 483 4,041 10,029 13,909 20,647 2,953 1,519
✏n1.0 ✏l0.9

§  There is a significant potential benefit with an analytic Jacobian 
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Large Scale Simulation on Vulcan 
§  Test case with 1,094,620 initial dislocation nodes  

§  Run 1.35 x 10-9 µs, starting at 1.286713 x 10-5 µs 

§  Temp = 600K; Pressure = 1 Gpa; Domain is 1.0 µm3  

§  Strain rate = 104 s-1; Tolerance = 1.25 |b| 

§  Run on 4,096 cores of LLNL Vulcan machine: 
•  5 Petaflop IBM Blue Gene/Q, small version of Sequoia 

•  24,576 nodes, 16 cores and 16 GB of memory per node 

§  Tested MPI + OpenMP parallelization with Trapezoid using the fixed 
point iteration and with Anderson Accelerated fixed point 
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Vulcan Results 
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ParaDiS with OpenMP threading gives speedup over MPI-only 

For trapezoid with Anedrson Acceleration (I6 V5), OpenMP threading 
shows little benefit unless ParaDiS is also threaded 

~25% speedup over OpenMP threaded ParaDiS 
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Large Scale Simulation on Sequoia 
§  Test case with 55,456,000 initial dislocation nodes  

§  Run 9.552642101 x 10-9 µs, starting at 1.269053578987361 x 10-9 µs 

§  Temp = 300K; Pressure = 0 Gpa; Domain is 1.0 µm3  

§  Strain rate = 1.0 s-1, Tolerance = 1.25 |b| 

§  Run on 262,144 cores of LLNL Sequoia machine 

§  MPI + OpenMP threading with 4 threads per core 

Trap FP I2 Trap AA I6 V5 

Total Time 1,774 s 1,566 s 

Time Steps 551 394 

Avg. Step 2.23e-11 s 3.24e-11 s 

Anderson Accelerated 
fixed point gives a 

12% speedup 
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Annealing Simulation 
§  The numerical results thus far have focused on strain hardening 

simulations where the number of dislocations increases in time 

§  Annealing is when a metal is heated and then allowed to cool in order 
to remove internal stresses and increase toughness 

§  As a result, the number of dislocations decreases over the course of 
the simulation 
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Annealing Simulation 
§  ~425,000 nodes to ~10,000 nodes 

§  12 hour run on 256 cores of LLNL Ansel system 
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Annealing Runtime 
§  The trapezoid integrator with the Anderson accelerated fixed point 

solver gives a ~50% increase in simulated time  
over 12 wall clock hours 
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Summary 
§  Simulating dislocation dynamics presents several challenges for 

nonlinear solvers and implicit time integrators 
•  Expensive force calculations 

•  Discontinuous topological events 

•  Rapidly changing problem size 

§  To increase time step sizes and improve runtimes we interfaced with 
the SUNDIALS suite of codes to utilize advanced nonlinear solvers 
and higher-order implicit time integrators 
•  KINSOL: Anderson accelerated fixed point, Newton’s method 

•  ARKode: High-order embedded DIRK methods 

§  In various test cases these approaches have shown the ability 
improve performance in both number of time steps and runtime 
versus the native trapezoid integrator with a fixed point iteration 
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Conclusions 
§  Both Anderson accelerated fixed point and higher order integrators 

gave significant speedup to the dislocation dynamics simulations 

§  Newton’s method allowed for larger time steps but the additional 
function evaluations for Jacobian-vector products lead to slower runs 

§  The 3rd order DIRK method produced greatly improved runtimes in 
initial tests with a BCC crystal  

§  In large scale strain hardening and annealing tests the accelerated 
fixed point method is very effective and is now the default nonlinear 
solver in ParaDiS 

§  Current and future work focus on  
•  Utilizing an analytic Jacobian in nonlinear solves with Newton 

•  Investigating performance with Anderson acceleration and GPUs 
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